Given a unitary representation U of a locally compact abelian group G, we investigate the relationship between two cocycles a,, a2: Vax = a2+ b for some unitary operator V commuting with U and some coboundary b. A necessary and sufficient condition is given in terms of canonical-finite measures defined on G -1. These results are applied to the representation of Z defined by the shift of a stationary Markov chain.
1. Introduction. Let G be a locally compact second countable abelian group and let U be a continuous unitary representation of G in a complex separable Hilbert space H which does not contain the trivial representation. A cocycle of U is a continuous map a: G-* H satisfying Ugaig2) -a(gx + g2) + a(gi) = 0 for all g,, g2 in G. If aig) = U v -v for some v in H and all g in G, a is called a coboundary. Two cocycles are called cohomologous if their difference is a coboundary. We shall, in fact, be interested in a more general relation between cocycles: Given two cocycles ax and a2 for U, when does there exist a unitary operator V on H such that Vax and a2 are cohomologous cocycles for UI This problem arose in [1] for the special case of G = Z. There a numerical invariant (variance) of this relation was introduced. The connection between the variance and the results presented here are discussed at the end of this paper. Our first object is to present a necessary and sufficient condition for a cocycle to be a coboundary. Apparently this theorem is known to a number of mathematicians, but as far as we are aware, no proof has been published before.1 2. Coboundaries. In this section the topology and specific nature of the group (or semigroup) G is irrelevant. Proof. Clearly every coboundary a for U is bounded. On the other hand, if a is a bounded cocycle, we define Tg: H -> H by 77' v = aig) + U v for every g E G, v E H. Each Tg is affine and TgJg2(v) = Tgi(a(g2) + Ugv) = a(gxg2) + Ug>gv = Tg<gv, so that T is an affine representation of G. Since a is bounded, the (weak) closure K of the convex hull of {a(g), g G G) is weakly compact and invariant under each T . Moreover, Tg acts distally (in fact, isometrically) on K with respect to the norm topology. Hence, by the Ryll-Nardzewski fixed point theorem_ [2] , there exists a v G K such that Tgv = v and, consequently, a(g) = v ~ Ugv for all g G G. Proof. Define Ha, i = 1, 2, as before and denote by C/(,) the restriction of Ug to the invariant subspaces Ha, i = 1,2. We write U® = /gx(g) dP°\x) for the spectral representation of U(i). As an immediate consequence of Lemma 3.1, we conclude that the multiplicity of Pw is everywhere < 1.
Assume now that Fa = Fa . The map T: Ha -> Ha given by T = W~' Wa is unitary. It is easy to see that T can be extended to a unitary operator on the closed joint linear span of Ha and Ha , and finally to a unitary operator V on H which commutes with U. Then V satisfies the conditions in (2) . The converse is obvious from Lemma 3.1.
Lemma 3.3. a is a coboundary if and only if Fa is totally finite.
Proof. If Fa is totally finite, a is bounded and hence, by Theorem 1.1, a coboundary.
Conversely, if a is bounded, then a(g) = Ugv -v where v G Ha and where -v is a fixed point of the mapy -» Ugy + a(g) from Ha to Ha, for every g G G. So Wav must be the function 1 in L2(G -{1}, Fa), which implies that Fa is totally finite.
We can now state the main result: Theorem 3.4. Let G be a locally compact second countable abelian group, and let U be a continuous unitary representation of G in a complex separable Hilbert space H. Assume that U does not contain the trivial representation, and consider two cocycles ax and a2 of U. We define the corresponding measures Fa and Fa on G -{1} as in Lemma 3.1. Then the following statements are equivalent:
(1) There exists a unitary operator V on H such that
where b is a coboundary for U.
(2) For any a-finite measure p on G -{1} with F «: p, / = 1,2, we have Before we prove this theorem, two remarks are in order. Remarks 3.5. (1) The operator V can always be chosen to commute with the representation U. We wish to examine the extent to which the converse of this proposition holds when ux, u2 have continuous densities / with respect to the Lebesgue measure dX on the circle K. on Ksuch that f}12 is differentiable at 1 for i = 1, 2, then o2(U, ux) = o2(U, u2) implies that there exist a unitary operator V commuting with U, and a w G H so that u2 = Vux + Uw -w.
Proof. We first note that The number a\U, u) = a\T, u) was introduced for special vectors u arising in stochastic processes, namely the centralized information function. In the case of Markov chains this function u is a function of two states, i.e. w(x) = w(x0, xx) for any x = (• • • , x_x, x0, x,, • • • ) in X. We devote this section to the problem of finding a2(F, w) and u when u is a function of two states such that ju dm = 0. which makes sense on Vc, since XP is nilpotent there. Substituting X = 1 we have proved the theorem.
